Abstract: Optical communication networks use electrical constellation converters requiring optical-electrical-optical conversions and expensive symbol-rate limiting electronics. In this paper, a generic method for all-optical silicon-photonic conversion of amplitudephase modulation formats is proposed. The method is based on the implementation of single-layer radial basis function neural networks. A mathematical model is developed, and the parameters influencing the performance of the method are analyzed. Full optical simulation of a four-symbol constellation conversion was performed, resulting in errorfree converted constellation that has an error vector magnitude lower than 2.5%.
Introduction
Optical communication networks experienced a significant breakthrough with the deployment of erbium-doped fiber amplifiers (EDFAs), which enabled all-optical amplification of transmitted signals. The all-optical amplification makes it possible to avoid electrical regenerators which employ optical-electrical-optical (OEO) conversions for signal recovery. This is significant as OEO conversions require expensive high-speed electronics, which becomes a limiting bottleneck in high transmission rates. In addition, OEO conversions require complex implementation as the optical signal should be detected, recovered, and re-transmitted. Since the development of the EDFAs, the field of all-optical signal processing has widely evolved, mainly due to the enabling technologies of photonic integrated circuits, as well as highly nonlinear materials and devices [1] . Consequently, all-optical devices have been developed to perform various operations such as optical switching, equalization, and application of logic functions. Another major advance in the evolution of optical communications is the development of coherent optical communication systems. These systems have been studied extensively in the last decade due to their high spectral efficiency and their ability to engage digital signal processing at the receiver in order to compensate for the channel impairments. Since different coherent optical communication networks can use various constellations, a constellation conversion is often performed when an optical bit stream reaches a node connecting two optical communication networks, e.g., an optical
System Description

Mathematical Model
Suppose we have an M-ary constellation in the I-Q plane with symbols fs j g M j¼1 , which we would like to convert to another M-ary constellation with symbols fŝ j g M j¼1 in this space. Since the I-Q plane is two dimensional, a linear transform in this space is defined by setting the transform for two linearly independent vectors. Thus, the linearity of the transform will let the designer determine the conversion of only two symbols independently out of the other constellation's symbols. Hence, in order to achieve an MxM independent constellation conversion mapping, the constellation conversion system should be nonlinear.
Neural networks are a powerful tool for construction of nonlinear transforms [8] , [9] . They use a weighted sum of nonlinear basis functions to achieve a desired target nonlinear function. The weights of the sum and some properties of the basis functions can be adjusted to attain different various target nonlinear functions. Radial basis functions are functions which depend only in the norm of their input. Using neural networks of single-layer RBFs, universal approximation is attained under the mild conditions given in [10] and [11] . The problem of transforming a set of distinct data vectors into any desired set of target data vectors by single-layer RBF networks is address in [12] , and gives a mathematical tool for the construction of the constellation conversion system discussed in this paper.
A single layer RBF network implementing constellation translation is shown in Fig. 1 . The first part of the network placed in the left side of Fig. 1 splits the input symbol s j to M outputs, where the ith output is multiplied by factor b i . Then, the RBFs f i ðkx À y i kÞg M i¼1 are applied on the outputs, where x and y i are the input and the center of the ith RBF, respectively. In this paper, we denote the first part of the network as the nonlinear section and its output is signified by the column vectorũ j ¼ ðu 1j ; . . . ; u Mj Þ T , where u ij ¼ i ðkb i s j À y i kÞ. The output of the nonlinear section may also include statistically independent additive zero-mean noise vectorñ j ¼ ðn 1j ; . . . ; n Mj Þ T which can consist of noise generated at the RBFs as well as cross terms of the input symbol and statistically independent zero-mean input noise. The second part of the system, named the linear section, is presented at the right hand side of Fig. 1 . It constructs the M outputs of the network by M weighted sums, with weights fp kl g M k ;l¼1 , of the nonlinear section's outputs to yield the output column vectorṽ j ¼ ðv 1j ; . . . ; v Mj Þ T . The constellation conversion can be achieved by placing the outputsymbolŝ j in the desired coordinate ofṽ j and setting the components of the other coordinates to zero. The RBF single-layer network can be mathematically described as follows. Let us denote the outputs of the nonlinear and linear sections by the matrices U ¼ fu ij g M i;j¼1 and V ¼ fv ij g M i;j¼1 , respectively. In this notation, the index i stands for the serial number of the relevant section's output port, and the index j represents the serial number of the input symbol we would like to convert. Signifying the linear section's weights and the noise at the output of the nonlinear section by P and N, respectively, we have
Given the matrices V and U, a matrix P obeying (1) can be estimated. Suppose we would like the converted constellation to be transmitted through the ith output port of the system. Then, all the elements in V should be zero except for those in the ith row. In this row, the jth element should be the desired symbolŝ j which is attained upon conversion of the input symbol s j . In addition, (1) implies that the proposed system also enables to transmit each input symbol through a different output port. This can be achieved by placing each output symbol in a different row of V . In cases where the noise is not dominant, a least squares (LS) estimator can be used to estimate P. Otherwise, a minimum mean square error (MMSE) estimator is preferable [14] . In order to find the MMSE estimator, the linear section's matrix P should obey
where p T i and v T i are the ith rows of the linear section's matrices P and V , respectively. In addition, the elements of the noise matrix N are assumed to be statistically independent. Hence, the MMSE estimator is
where À N ¼ E ½NN H is a diagonal matrix, since the terms of N are zero-mean and statistically independent. It should be noted that taking À N ¼ 0, we get the LS estimator for P. Hence, using (3) the terms of the matrix P can be calculated from the outputs of the nonlinear section, the second order statistics of the noise at the output of the nonlinear section, and the desired output symbols of the constellation conversion system.
Silicon-Photonic Implementation
Silicon-photonics seems to be attractive for the implementation of the described constellation conversion system as it enables to produce a small scale and fully integrated device. A block diagram of the proposed silicon-photonic system is presented in Fig. 2 .
As the input symbol s j enters the system, it is passed through an optical element implementing the nonlinear section of the system, which yields the output vectorũ j þñ j ¼ ðu 1j þ n 1j ; . . . ; u Mj þ n Mj Þ T . This vector of signals is processed by a second optical element implementing the matrix P which multipliesũ j þñ j . The output of the linear section is the vectorṽ j ¼ ðv 1j ; . . . ; v Mj Þ T . Fig. 3 shows the suggested silicon-photonic design for the nonlinear section of the system. The input signal corresponding to the input symbol s j is assumed to have compensated chromatic dispersion (CD) and polarization mode dispersion (PMD). In addition, it is assumed to be pre-amplified to compensate for the losses accumulated during its propagation in the optical communication network.
In order to enter the nonlinear section of the system, the signal is coupled from the optical fiber to the silicon chip using a taper or a grating coupler [15] - [18] . Then, the input symbol s j reaches the nonlinear optical processor illustrated in Fig. 3 . The symbol is split and multiplied by various factors fb i g M i¼1 implemented by an MxM coupler having a Mach-Zehnder Modulator (MZM) in each one of its output ports. A local oscillator (LO) is also connected to the nonlinear optical processor. It is coherently added to the signal through another input of the MxM coupler. [22] - [24] . It should be noted that there is no need for high speed MZMs as their attenuation remains constant along the transmitted symbol sequence. Hence, a silicon-photonic design to attain the terms fb i s j À y i g M ij¼1 of the constellation translation neural network is proposed. In order to complete the nonlinear section's design, a silicon-photonic implementation of the RBFs is required. A saturated semiconductor optical amplifier (SOA) can be suitable due to its high nonlinearity, small scale, and the possibility of integration in silicon on insulator (SOI) chip. The SOA should be designed to have a short carrier lifetime to avoid distortion of short input pulses due to long gain recovery time [25] . Many techniques have been developed to achieve short gain recovery time such as amplified spontaneous emission (ASE) enhancement [26] - [28] , quantum well doping [29] , and usage of a holding beam [30] , [31] . Finally, each SOA in the nonlinear section is followed by an optical bandpass filter (BPF) to filter its ASE. It should be noted that the SOA's output for an input signal x ðt Þ can be written as e jÁargðx ðt ÞÞ gðkx ðt ÞkÞ where argðx ðt ÞÞ is the phase of x ðt Þ, which apparently implies that the SOA cannot implement an RBF as its output depends on the input signal's phase. However, since in the proposed design each input symbol s j results in different input power at the SOA, the output phase of the SOA can be considered as a function of the SOA's input power. Thus, we can write the signal at the ith output port of the nonlinear section as: u ij ¼ i ðkb i s j À y i kÞ, which means that the SOA realizes an RBF.
The coherent addition of the LO to the input symbol s j is needed in order to translate phase differences among the symbols of the input constellation to power differences, as shown in Fig. 4 for the case of QPSK constellation. In input constellations where some symbols are distinguished only in their phase, the LO is necessary to have a nonsingular matrix U. Adding the LO coherently, the input power to each SOA is different for every input symbol. As a result, the columns of the nonlinear section's matrix U are linearly independent due to the nonlinear response of the SOAs.
Having the vectorũ j þñ j at the output of the nonlinear section, the linear section should be applied to transform it to the desired output vectorṽ j . As noted earlier, the linear section realizes a multiplication of the column vectorũ j þñ j by a matrix P. A possible design for the linear section where the elements of P are adjustable is shown in Fig. 5 .
Each output of the nonlinear section is passed through an amplitude modulator followed by a phase modulator. The resulting signals are subsequently combined by an MxM coupler to yield M output signals. These output signals are passed through another set of amplitude and phase modulators and then combined by an MxM coupler. The process of modulation and coupling is performed M À 1 times and finally, the outputs of the last MxM coupler are passed through another set of amplitude and phase modulators. Therefore, the output of the linear section can be described as
where A n ¼ diagð 1;n e j' 1;n ; . . . ; M;n e j' M;n Þ represents the nth set of amplitude and phase modula- , respectively, and the matrix P is achieved. As in the nonlinear section, using silicon-photonic amplitude and phase modulators and MxM MMI couplers, the linear section of the system can be implemented as a silicon-photonic device and integrated with the nonlinear section of the system. It should be noted that since the values of the amplitude and phase modulators and the currents of the SOAs are tunable, the proposed system is highly reconfigurable.
Simulation and Results
General Simulation Description
A full optical simulation of the proposed silicon-photonic constellation conversion system was performed to evaluate its performance. The simulated system is an M ¼ 4 constellation converter. It was configured to convert a 3-mW QPSK input constellation, transmitted in a 40-Gbaud NRZ format, to the first four symbols of a 1 mW 8PSK constellation (i.e., the symbols with phases of 0 , 45 , 90 , and 135 ), with the same 40 Gbaud NRZ format. The pulses of the input and output constellations had raised cosine amplitude with rolloff factor of ¼ 0:1 [32] . In addition, the two constellations had wavelength of 1550 nm and transverse electric (TE) polarization. The input and output constellations in I-Q plane are shown in Fig. 6 . The output symbols were transmitted through output port 1 of the system. Using another such converter with phase shift of 180 , two QPSK constellations can be translated to one 8PSK constellation. The CD, PMD, and propagation loss of the input constellation are assumed to be compensated such that the SOAs at the nonlinear section of the system operate in nonlinear regime. Since all the symbols of the input constellation are assumed to have the same a-priori probability, the mapping from the input to the output constellation can be chosen by the designer. Hence, we have 4! possible mappings, and the one yielding the best performance can be chosen. In this work, the quality of constellation conversion was measured by the EVM, symbol error rate (SER), and the extinction ratio of the signals at the output ports of the system.
A block diagram of the simulated system is presented in Fig. 7 . The transmitted QPSK input pulse sequence had a 1 nm bandwidth additive ASE noise centered at 1550 nm wavelength, which simulated the channel's noise. The power and phase of the LO were 7.3 mW and −3.2 , respectively. It was implemented by a 40 GHz raised cosine pulse sequence with ¼ 0:1, which was synchronized to the input QPSK pulse sequence. The shaping and synchronization of the LO were performed in order to have the same raised cosine shape for the pulses at the system's output. The nonlinear section had four outputs which yielded the vector of signalsũ þñ. The linear section transformed the nonlinear section's outputs to the four dimensional vector of signalsṽ , where the output signal of port 1 was processed by an 8PSK receiver. The simulation's variables were the OSNR of the input pulse sequence, the phase locking error of the LO, and the extinction ratio of the linear section's MZMs.
The silicon-photonic chip was simulated in PICWave [13] , while the 4 Â 4 MMI coupler was simulated by Fimmwave [13] and integrated into the PICWave simulation. Finally, the output signals of the PICWave simulation were analyzed by MATLAB which simulated the 8PSK receiver in output port1 and measured the EVM and SER of the output constellation. The power of the signals in output ports 2-4 was also measured by MATLAB in order to calculate the system's extinction ratio. 
Nonlinear Section Modeling and Parameters
A detailed illustration of the simulated silicon-photonic chip is shown in Fig. 8 . As the input symbol s j arrives at the nonlinear section, it enters the first 4 Â 4 MMI coupler where it is coherently added to the LO. The simulated input OSNRs of the symbol were 25 and 30 dB. It should be noted that the phases of the input symbol and the LO are different in each of the coupler's output ports. Hence, each output port yields a different coherent addition of s j and the LO. The power and phase of the LO were set to the above mentioned values in order to maximize the minimal power ratio among the first 4 Â 4 MMI coupler's outputs, while keeping the minimal output power at the MMI coupler's output high enough to have high OSNR at the outputs if the SOAs. The simulated phase locking errors were 0 -6 . Then, each output signal of the MMI coupler was passed through an MZM. The attenuations of MZM1 and MZM2 were 6. 7 dB while the attenuation of MZM3 and MZM4 were tuned to zero in order have different input power in each SOA. This way, the rows of the nonlinear section's matrix U are promised to be linearly independent since the SOAs had a nonlinear response and each SOA had a different input power. The importance of this property will be discussed later. Since the SOAs were saturated, the proposed system was nonlinear. As noted before, this is necessary for constellation conversion of more than two symbols in the I-Q plane. The SOAs were followed by BPFs having a 1 nm bandwidth to filter the ASE. The signals after the BPFs are the outputs of the nonlinear section.
The 4 Â 4 MMI coupler simulated by Fimmwave was symmetrical and its parameters are given in Table 1 by the notations used in [21] . Its excess loss and imbalance were 0.15 dB and 0.0627 dB, respectively. The coupler's transfer matrix was 
The normalized intensity of a wave propagating in the multimode region of the MMI coupler upon transmission from the upper port is given in Fig. 9 . High intensities tend to white, and low intensities have a black color. SOA1 and SOA2 had a drive current of 400 mA whereas 500 mA current was used for SOA3 and SOA4. A lower drive current was used for SOA1 and SOA2 in order to have high OSNR at their outputs since their input power is lower due to the attenuation of MZM1 and MZM2. The gain and additive phase of the SOAs as a function of CW input power are shown in Fig. 10(a) and (b) , respectively. The noise figure of all the SOAs was 9.5 dB for a 1 mW CW input power. 
Linear Section and Receiver Modeling
The acquisition of the nonlinear section's modulators values was performed by training the neural network, which was conducted as follows. A pulse sequence with 10 4 pulses was transmitted with the LO being perfectly locked, and the matrices U and À N were subsequently derived from the output of the nonlinear section. Since all the output symbols were transmitted from port 1 of the system, all the elements of the matrix V were zero, except for the four elements of the first row where the values of the desired first four 8PSK symbols were substituted. The matrix P was derived from (3) and the corresponding values of the linear section's MZMs and phase modulators were subsequently calculated from (4). The extinction ratio of the linear section's MZMs was in the range of 15-30 dB and the phase modulators had the same parameters as those of the MZMs' arm. Hence, the quantization of the MZMs and the phase modulators voltages values was derived from the MZMs' extinction ratio. The value of the modulators calculated from (4) were accordingly quantized and substituted into the PICWave simulation to set the linear section.
The 8PSK receiver was composed of the filter F ðt Þ and a hard decision circuit to yield the output symbols. F ðt Þ was matched to the amplitude of the desired output 1 mW raised cosine pulse and normalized by its power. The thermal noise and shot noise of the receiver were neglected due to the dominance of the ASE noise.
Simulation Results
The following figures present the system's performance. Fig. 11 shows the EVM of the signal measured in output port 1 versus the linear section's MZMs extinction ratio (ER) for a 10 5 input pulse sequence. Input OSNRs of 25 and 30 dB were simulated, the phase locking error of the LO was 2
, and the extinction ratio of the linear section's MZMs varied from 15 to 30 dB in 5 dB resolution. Fig. 11 presents EVM lower than 2.5% for all OSNRs and MZM ER values. The low EVM shows that the nonlinear transform implemented by the proposed silicon-photonic neural network keeps the transmitted symbols clustered around their ideal noiseless values. In addition, Fig. 11 shows that the influence of the quantization errors of linear section's modulators is negligible when the MZM ER is larger than 25 dB. The inset illustrates the constellation diagram of a converted constellation for 25 dB input OSNR, 2 LO phase error, and 15 dB MZMs ER. The clustering of the output symbols around the ideal first four 8PSK constellation symbols is clearly seen.
The SER corresponding to the presented EVM was error free. The extinction ratio of the signals at the system's output was defined as the ratio between the power in output port 1 and the power of the signals in output ports 2-4. The extinction ratio at the system's output ports is shown in Fig. 12 . The output extinction ratio increases for higher MZM ER. In addition, 15 dB MZM ER is sufficient to have 25 dB output extinction ratio, such that more than 99% of the output power is transmitted from output port 1. Fig. 13 shows the EVM versus MZM ER for three LO phase locking errors, and OSNR of 25 dB. The 10 5 input pulse sequence was converted and transmitted from output port 1 of the system. This figure presents EVM lower than 1.5% for all LO phase locking errors starting from MZMs ER of 20 dB, respectively. Similarly to Fig. 11 , the quantization errors of the linear section's modulators have negligible effect on the EVM when the MZM ER is larger than 25 dB. The constellation diagram at the inset of Fig. 13 for the case of 25 dB input OSNR, 4 LO phase error, and 15 dB MZMs ER, shows that the output constellation is highly clustered. However, the ideal 8PSK pulses are not in the middle of the received symbols clusters, which results in higher EVM than the one achieved case of 2 phase locking error. Fig. 14 shows the SER versus the MZM ER for a 25 dB OSNR. For 4 phase locking error the MZM ER should be higher than 15 dB to attain error free transmission, while 20 dB MZM ER is required to get SER lower than 10 -3 when the phase locking error is 6 . The 2 LO phase error yielded error-free transmission. The corresponding output extinction ratio of the system is illustrated in Fig. 15. 
Discussion
The simulation results show that for the above scenario of transforming a QPSK constellation to the first four symbols of an 8PSK constellation, high-performance constellation conversion is achieved. The system's performance is analyzed versus the noise level and phase alignment of the LO. The noise in the system is dominated by the OSNR of the input pulse sequence, the phase locking error of the LO, the ASE generated in the SOAs, and the quantization errors of the modulators in the linear section which stem from their limited extinction ratio. The first three noise sources influence the OSNR at the output of both the nonlinear and the linear sections, while the quantization errors only affect the OSNR at the output of the linear section. It should be noted that the term ðUU H þ À N Þ À1 in (3) increases as À N decreases. Hence, the elements of P are set such that higher weight is given to the output ports of the nonlinear section which have higher OSNR.
The proposed all optical silicon photonic method can be compared to electrical constellation conversion both in the simplicity of implementation and in quality of performance. Electrical constellation conversion requires the employment of a wideband balanced receiver with high-speed photodiodes, analog to digital converters, and a digital signal processing unit. In addition, a high data rate transmitter is needed, having high-speed digital to analog converters, narrow linewidth laser, and fast MZMs to generate the output data pulse sequence with the converted constellation. Using the proposed all-optical silicon photonic implementation, the constellation conversion is performed without detecting and re-transmitting the signal. As noted above, low-speed siliconphotonic modulators can be used, as their driving voltages are updated only upon training of the neural network. On the other hand, using the proposed all-optical solution, the input symbols should be pre-amplified so the SOAs will operate in nonlinear regime. Comparing the performance of the two methods, electrical constellation conversion requires about 23.5 dB/0.1 nm OSNR for 10 -3 BER in case of 28 Gbaud 16QAM transmission [33] . Hence, for 8PSK constellation at 40 Gbaud, 23 dB/0.1 nm OSNR is required. Here, we ran the simulation of the proposed all-optical silicon photonic system and found that 24 dB/0.1 nm OSNR is required for 10 -3 BER in case of 40 Gbaud 8PSK output constellation.
The EVM and SER results show that the phase locking error of the LO is more significant than the input OSNR for the system's performance. This results from the strong influence of the LO's phase on the output of the nonlinear section as it considerably affects the input power and phase of the signals at the SOAs' inputs. Hence, the nonlinear section's output matrix U is distorted when a phase locking error occurs, and consequently the required linear section's modulators values may significantly differ from those derived during the training of the system. On the other hand, the influence of the input OSNR is less dominant; it does not affect the average power and phase of the signals at the inputs of the SOAs, thus resulting in a weaker influence on U.
Equation (1) implies that the condition number [34] of the nonlinear section's matrix U affects the OSNR at the system's output. A matrix U with lower condition number results in lower enhancement of the noise entering the linear section and the quantization error noise. To have a low condition number, the rows of U should be linearly independent. Thus, the condition number of U decreases as the response of the SOAs is more nonlinear, since a small difference in the input power of each SOA is ample to get a considerable change in its gain and additive phase. However, highly nonlinear SOAs usually require large drive currents, which result in high ASE. Hence, there is a tradeoff between the system's nonlinearity and the power of the ASE generated in the nonlinear section. In addition, highly nonlinear SOAs tend to distort the amplitude and phase of the amplified signal as the input power required for saturation is inversely proportional to the carrier lifetime [26] . Since longer carrier lifetime corresponds to longer gain recovery time, pulses with larger pulse width should be used to avoid distortion. Hence, there is a tradeoff between the system's nonlinearity and the transmission rate. However, it should be noted that the high transmission rates can be achieved, since the carrier lifetime in commercial SOAs can reach 10 psec [27] .
Another requirement in order to have a well-conditioned U is that the attenuations of the nonlinear section's MZMs should be chosen such that for each symbol, the power ratio among the different SOAs inputs is as large as possible. On the other hand, the attenuation should not be too large in order to have high OSNR at the output of the nonlinear section.
In order to use the nonlinearity of the SOAs, it is important that different input symbols result in significantly different power at the output of the nonlinear section's MxM coupler shown in Fig. 8 . Hence, as noted before, the coherent addition of the LO to the input symbol s j is needed in order to translate phase differences among symbols to power differences. Thus, coherent addition of the LO decreases the condition number of the matrix U, since it causes its columns to be linearly dependent.
Conclusion
An all-optical silicon-photonic constellation conversion system in I-Q plane is proposed with small scale, is fully integrated, and has a highly reconfigurable design. The system implements a nonlinear transform which is represented by a neural network of single-layer RBFs. A mathematical model was described and a full optical simulation of a 4 symbol constellation converter was performed. The parameters influencing the performance of the system were numerically analyzed in order to give the considerations for the design of a general constellation converter. Error-free conversion of a QPSK constellation to the first four symbols of an 8PSK constellation was performed by the optical simulation, and the EVM of the output constellation was less than 2.5%.
